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UDC 536.3 

Exact differential equations have been derived for the sums and differ- 
ences of hemispherical radiative flows in an absorbing-emitting me- 
dium. A method is given for the solution of these equations for a fiat 
layer. 

In connect ion  with the complexi ty  of solving the in -  
t eg ra l  equat ions  der ived  in d e t e r m i n i n g  the t e m p e r a -  
t u r e s  in a b s o r b i n g - e m i t t i n g  media  with energy  sources ,  
the d i f fe ren t i a l  methods of inves t iga t ion  a re  of g rea t  
i n t e re s t .  The Sehus te r -Sehwarzseh i ld  method--known 
also as the " fo rward-backward"  approx imat ion- -was  h i s -  
t o r i c a l l y  the f i r s t .  The e s sence  of this method involves  
the following. The equat ions  for  the t r a n s f e r  of r a d i a -  
t ion  for opposing h e m i s p h e r e s  in the fo rm [1] 

cos 0 I+ (~, 8) = - -  I+ (~, 0) + B (T), 

cosSl '_ (~ ,  8) = I_(T, 8) - - B ( T )  (1) 

a r e  in tegra ted  over  the solid angles  within the l imi t s  
of the co r r e spod ing  h e m i s p h e r e s  (here,  and in the fo l -  
lowing, the de r iva t i ve s  (') a re  defined accord ing  to the 
opt ical  d i s t ance  r. The quant i ty  B is unders tood  to 
mean  crT4/Tr for  a noncont inuous  rad ia t ion  s p e c t r u m  (in 
a "gray"  medium)  or  the P lanek  d i s t r i bu t ion  funct ion 
for  m o n o c h r o m a t i c  radia t ion) .  As a r e su l t ,  we de r ive  
equat ions  for h e m i s p h e r i c a l  r ad i a t i on  flows: 

As shown in [1,2], Eqs.  (2) withthe values  m+ = m_ 
= m = 2 (which co r re sponds  to the assumpt ion  in (3) 
that  I+ and I_ a re  independent  of ~) yield r e su l t s  close 
to r ea l i t y  only for  a smal l  optical  th ickness  of the 
layer .  With a grea t  optical  th ickness  they yield r e su l t s  
accura te  to 25%. A more  exact  solut ion of (2) (with r e -  
f i nemen t  of the va lues  of m+(r) and m_(r)  in (3) acco rd -  
ing to the approximate  solution) yie lds  no s igni f icant  
i m p r o v e m e n t  in the r e su l t s ,  as is noted at the end of 
the a r t i c l e ,  in the solut ion of a specif ic  p rob lem.  

A be t t e r  s y s t e m  for  the study of r ad ia t ive  heat ex-  
change in opt ica l ly  dense  media  is the s y s t e m  of equa-  
t ions  for  the r e su l t i ng  r ad ian t  flux q and rad ia t ion  den -  
s i ty  V [2, 3] 

cV'('~) = --a('~)q('O, q'('O =- -cV(T) ' 4 -  4nB('~), (4) 

where  the aux i l i a ry  funct ion is  g iven by 

S I+d + j" r 
(+2 ~) (-2 ,~) (5) 

(4-2  '~ ) ( - 2  n )  

q~ (~) = - -  m+ (~) q+ (~) + 2 a B (~), 

q-  (~) = m_ (~) q_ (~)-- 2 n B (~), (2) 

where  the aux i l i a ry  funct ions  m+(r)  and m_(r)  a re  de -  
f ined as fol lows [2]: 

~" I+d 03 2 (+2 ~) 

m+ (~) -- f I+ cos 8 d 03' 
( + 2 ~ )  

f I_d~o 
(--2 ~) 

r ~tz' = f_ l_cos ~ d 03 
; n _  

(--2~) 

(3) 

Although the func t ions  m+ and m -  depend on r and 
a r e  not equal  to each other ,  in the sub jec t  a p p r o x i m a -  
t ion it  is a s s u m e d  that m+ = m_ -- m = const ,  which 
makes  it  pos s ib l e  in s y s t e m  (2) to i so la te  the r e s u l t -  
ing r ad i an t  flux q = q+ - q_, c h a r a c t e r i z i n g  the d i s -  
t r i bu t i on  of the heat  sou rce s  or  s inks.  In this  case ,  
with the help of (2), the p r o b l e m  of the t e m p e r a t u r e  of 
the m e d i u m  (B) for  a given d i s t r i b u t i o n  q (or a given 
r e l a t i onsh ip  be tween B and q) is e a s i l y  solved. How- 
ever ,  this  solut ion may be r ega rded  as approx imate .  

Even in the f i r s t ,  so -ca l l ed  diffusion approximat ion  
(with a cons tant  value for  c~ = 3), Eqs. (4) make it pos -  
s ible  to de r ive  v i r t ua l l y  exact  r e s u l t s  deep within op-  
t i ca l ly  dense  media .  However,  n e a r  the boundar ies  or  
in opt ical ly  thin l aye r s  the r e su l t s  obtained in this m a n -  
ne r  a re  approximate .  To find a more  exact so lut ion of 
the p r ob l e m nea r  the boundary  (with r e f i n e m e n t  of 
a(r )  accord ing  to the f i r s t  approximat ion)  the u t i l i z a -  
t ion  of Eqs. (4) leads to d i f f icul t ies .  The p r ob l em here  
l i es  in the fact  that  the value of a ( r )  at the boundary  
tends toward inf ini ty  if, as will be demons t r a t ed  l a t e r  
on, a d i scon t inu i ty  in the t e m p e r a t u r e  values  occurs  
at this  boundary .  

Here  we have der ived  equat ions  which include the 
magni tude  of the r e su l t i ng  r ad ian t  flux and the aux i l -  
i a ry  funct ions  which do not become inf ini te  at the 
boundar i e s .  In conjunct ion  with these  it becomes  p o s -  
s ib le  to de r ive  exce l len t  r e s u l t s  both within the depths 
of opt ica l ly  dense  media  and n e a r  the boundar ies ,  be -  
cause  of the poss ib i l i t y  of so lv ing  the equat ions  by the 
method of s u c c e s s i v e  approximat ions .  

Adding and sub t r ac t i ng  Eqs. (2), while denot ing 
p = q+ + q_ and q = q+ - q_, we obtain 

p ' (~)=--~(~)q( '~) ,  q ' ( ~ ) = - - y ( ' 0 p ( T ) + 4 n B ( ~ ) ,  (6) 
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where  

,f l+dm-- ~ I_do) 
(Ten) ( - - ~ )  ; # (~) 

J /+cos~dr  J /_cos~do) 
(+~ u) (--2 u)  

,f I + d o) + S l_d (~ 
(+~) ( -~ )  (7) (,) 

~ + j" I_cos  
(+2 n) (--2 n) 

Let us formulate the boundary conditions for (6) by 
means of the following relationships which are valid 
for diffusely reflecting surfaces [2]: 

q(b) =q+(b)--q_(b) = +_- A~[q• (S) 

where  A b is the emiss iv i ty  of the bounding sur face ,  
B b is the rad ia t ion  in tensi ty  of the su r face  fo r  A b = 1, 
the upper  s igns (+) co r re spond  to the case  in which the 
vec to r  �9 (or  q§ is d i rec ted  toward the boundary  s u r -  
face,  and the lower  s igns  ( - )  co r r e spond  to the oppo-  
si te d i rec t ion .  Using the adopted denotat ions fo r  p and 
q, we t r a u s f o r m  (8) to the co r respond ing  f o r m  

p(b) = 2~B~ • 2 A g ~  q(b). (9) 

The exact  solution for  the p rob lem of the t e m p e r a -  
tu re  of the medium with the given dis t r ibut ion q(~), 
acco rd ing  to (6) and boundary conditions (9), has  the 
f o r m  

4 n B (z) = q' ('0 + Y (z) [2 n B e _+ 2 - -  A~ q (b) - -  
A~ 

- -  i ~ (z )q  (~)d~l. (10)  

To find the solution of (10) we mus t  know the two 
funct ions  fl(T) and y(z). The i r  values can be calcula ted 
f r o m  (7) if the funct ions I+(r,~) and I-(~,~) a re  known. 
The la t te r  a re  solut ions of (1): 

I+ (~, O) = C (~)) exp (--  z sec )~} + 

+~ ~ (--  I) ~ cos~ 0 B(~) (~), 
k = 0  

o~ 

I -  (x, ~)) -~- D (O) exp ( +  �9 sec {}) + Z c~ ~} B(~) (x), 
k = 0  

where  C(,~) and D(O) a re  funct ions defined f r o m  the 
boundary  condit ions,  while the infinite s e r i e s  a re  p a r -  
t ial  solut ions of nonuniform equations (1). Subsequently,  
f o r  s impl ic i ty  in analyzing the funct ions fi and y we 
find C(,9) and D(~) only when the med ium is bounded by 
two infinite p lanes  with "black" s u r f a c e s  (A b = 1). 
The opt ical  d is tance  between the planes  is equal to A. 
Here  I+(0,,)) and I_(A,~) a re ,  r e spec t ive ly ,  equal to 
the wa l l - rad ia t ion  in tensi t ies  B 0 and B A, while the 
exp re s s ions  fo r  C and D a s s u m e  the f o r m  

C(~}) = B o -  E ( - -  1)~ c~ 
k = 0  

D(b) = [B a - -  s cost {) Bti~(A)] exp (--  Asec@). (11) 
k = 0  

Substituting the values of I§ and I-(~,~) with C(O) 
and D(,r accord ing  to (11) into (7) and r ep resen t ing  
dw as 2~r sin ,Sd ~9 in the la t te r  (for the plane case) ,  
we obtain 

(~) = [ BoE 2 (z) - -  BaEz ( A  - -  x )  - -  

r  

- -  X ( - - 1 ) k  E~+~ (z) B (k) (0) + 
~ 0  

k=0 h=O 

• [ BoE ~ (~) - -  B~E 3 (A - -  x) - -  

S - -  (--  1)~ Ek+a (x)B(k) (0) + 
k = 0  

2 BI2k+J) (z) + ~ Ek+~ (a - -  ~) B(~(A) - -  }k+ 3 
k=0 /=0 

V (*) = [BoE~ (~) + BAE: (A - -  *) - -  

k=O 

- -ZE~+2(A--T)B(k)(A)+ 2k 1B(2~)('v) x 
/v=0 = 

x I Bo~ (r + B~Eo(a-- r -- 

X (--  1)kEk+3 (x) B(~) (0) - -  
k = 0  

~" 2+ B(2~)(~)]-1, (12) 

k~O k~O 

~o 

where  E, (x) = ~ u - '  exp (--  xu) du is an integroexponent ia l  

funct ion of v- th  o rde r .  
Let  us analyze  the der ived exp re s s ions  fo r  fl{r) and 

y(r ) ,  r ep re sen t i ng  B(T) in the f o r m  of the s e r i e s  

B ( x ) = ~  a kxk (n=~0). 
k = 0  

It is not diff icult  to p rove  that  within the l ayer  as & 
~ the values  of fl and Y tend independently f rom the 

coeff ic ients  a k to constant  values of fl = 3/2 and 7 = 2. 
Indeed ,  when T >> 1 and A -- T >> 1 in the numera to r  
and the denomina tor  of express ions  (12), the t e r m  
which does not contain the integroexponential  function 
(Ev(x >> 1) ~ 0) and which, m o r e o v e r ,  exhibits  the 
g r e a t e s t  power  of % is dec is ive  with r e spec t  to value. 
We will  r e f e r  to these constant  values as l imit ing va l -  
ues .  

If we substitute the found values of I+(T,~) and 
I_(%0) into formula (5), we obtain an expression for 

~(T) analogous to expressions (12) 
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c~ ('c) = [ BoE ~ (z) - -  B• 1 (A - -  "c) - -  

--  ~ ( - -  1)~E~+,(*) B{~)(O) + 

A 

T .f[B (x) --  S (~)1 e, (x-- ,) ex } • 
,[ 

x { [B0 - -  B (z)l E~ (,) @ [B A - -  B (*)] Ea (A - -  z) + 

2 X ] IB + E ~ + I ( A - - z ) B I ~ ) ( A ) - -  2k2+1B(2~+II('O "/" + o (x) (z)]E2(T--x)dxT-c-  

k=0 k~O 

(13) 

• [ BoEa ('0 - -  BA Ea (A - -  "e) - -  

- - ~  ( - -  1)kEk+a (~) B (k~ (0) + 
k=0 

--1 c~ ce 

h=o k=0 

An analysis of expression (13) makes it possible for 

us to establish that the limit value of ff = 3, while the 

value of ~ at the boundaries of the layer when B(b) # 

# B b become infinite (Ev(0) = i/v - i). This last fea- 

ture of the function ~(7) makes it more difficult to 

use Eqs. (4) to find a solution for them that is more 

exact than the diffusion approximation. 

Analogously, substituting the found values of I+(r, 

d) and I_(r,d) into (3), we can establish that the limit 

values of m+ and m_ are equal to 2. At the boundaries 

of the layer when B(b) ~ B b the values of m+ and m- 

as  wel l  as  fl and T a r e  f in i te .  
The s p e c i a l  f o r m  of the found e x p r e s s i o n s  fo r  I+(r, 

d)  and I_(r ,d)  with the s i m p l e  bounda ry  condi t ions  does  
not  d i s r u p t  the g e n e r a l i t y  of the l i m i t  va lues :  the  
bounda ry  e f fec t s  do not a f fec t  the p r o c e s s  of r a d i a n t -  
e n e r g y  t r a n s f e r  within o p t i c a l l y  l a r g e  vo lumes .  P r a c -  
t i c a l l y ,  w i t h A  > 10 the va lue s  of ~ ,  fl, T, m+, a n d r e -  
wi th in  the l a y e r  a r e  a l r e a d y  c lo se  to the l imi t .  C o n s e -  
quent ly ,  so lu t ion  of (6) in f i r s t  a p p r o x i m a t i o n ,  as  
wel l  as  the so lu t ion  of (4) in d i f fus ion  a p p r o x i m a t i o n  
(~ = 3), can  be d e r i v e d  with l i m i t  va lues  of fi = 3 /2  and 
Y = 2. Equa t ions  (4) and (6) h e r e  y i e ld  i den t i ca l  r e -  
su i t s .  In second  a p p r o x i m a t i o n  f i ( r )  and 7(r)  a r e  c a l c u -  
l a t ed  f r o m  (12) w h e r e  B(r)  c o r r e s p o n d s  to the so lu t ion  
in f i r s t  a p p r o x i m a t i o n .  If the f o r m  of B(r)  in f i r s t  a p -  
p r o x i m a t i o n  i s  su f f i c i en t ly  s i m p l e ,  the ca l cu l a t i on  of 
fi(r) and T(r) ,  and then of B(r)  in second  a p p r o x i m a t i o n ,  
p r e s e n t s  no p a r t i c u l a r  d i f f icu l ty .  He re ,  when a l l  a r b i -  
t r a r y  B(k)(r)  a r e  f in i te  in va lue  (i. e . ,  the s e r i e s  in 
e x p r e s s i o n s  (12) a r e  not b roken) ,  the funct ion B(r)  
m u s t  be a p p r o x i m a t e d  by a s i m p l e r  funct ion  so tha t  
the  n u m b e r  of t e r m s  in (12) is  s m a l l .  If i t  i s  i m p o s s i -  
b l e  to a c c o m p l i s h  such  an a p p r o x i m a t i o n  with good a c -  
c u r a c y ,  e x p r e s s i o n s  (12) should be p r e s e n t e d  in an in -  
t e g r a l  f o r m  convenien t  fo r  n u m e r i c a l  i n t eg ra t ion :  

(T), + (~) = { [Bo - -  B (+)l E+ (+) -T- 

[Ba - -  B (+)l Em (h - -  z) -~ 

+ I [B (x) - -  B (-c)] E 1 ( ,  - -  x) dx -T- 

A } - - 1  

S [B (x) - B (~)l & (x - -  ~) d x  

The s ign  ( - )  c o r r e s p o n d s  to the e x p r e s s i o n  fo r  ~ and 
the s ign  (+) c o r r e s p o n d s  to the e x p r e s s i o n  fo r  T. 

As an e x a m p l e  of a so lu t ion  fo r  the p r o b l e m  of the 
t e m p e r a t u r e  of a m e d i u m  for  known q(r)  le t  us e x a m -  
i n e ( 1 0 )  fo r  the ca se  q =  const ,  & ~ r  ]3o = 0, A 0 : 1 
(the p r o b l e m  of the s t e l l a r  pho tosphe re ) .  With  an exac t  
t topf so lu t ion  [4] fo r  th i s  p r o b l e m  i t  b e c o m e s  p o s s i b l e  
to check the conve rgence  of the p r o p o s e d  method of 
solut ion.  F o r  the sub jec t  c a s e  (q < 0) f o r m u l a  (10) a s -  
s u m e s  the f o r m  

B ( ~ ) = - -  q~-Y(~) I I - ] -  i ~ ( ~ ) d ~ ]  " 4 ~  (14) 
0 

In f i r s t  a p p r o x i m a t i o n  (with l i m i t  va lues  of fi = 3 /2  and 
T = 2) f rom the solut ion of (14) we obta in  the r e s u l t  
known in a s t r o p h y s i c s  as  the Eddington a p p r o x i m a t i o n  
[1]: 

q ( 1  3 ) (15) 

The g r e a t e s t  dev i a t i on  (15.5%) in the  quant i ty  Bl(r )  
f r o m  i t s  exac t  va lue  i s  found when r = 0: BI(0) = 
= -q/27r,  the exac t  value  of B(0) = - ( 3 q ) l / 2 / 4 n .  

Subs t i tu t ing  (15) into (12) in which, in th is  ca se ,  
t e r m s  with d e r i v a t i v e s  of B(r)  h ighe r  than the f i r s t  
d i s a p p e a r ,  we ob ta in  e x p r e s s i o n s  fo r  fl2(r) and T2(r). 
Subs t i tu t ion  of the l a t t e r  into (14) y i e l d s  B2(r). The 
r e s u l t s  of the ca l cu la t ions  have d e m o n s t r a t e d  tha t  the 
va lues  of fi2(r) and T2(r) v a r y  mono ton ica l ly  f r o m  7/4 
(when r = 0) to t h e i r  l i m i t  va lues  which they  v i r t u a l l y  
a t t a in  (with a c c u r a c y  to 1%) when r = 1 (the va lues  of 
i n t eg roexponen t i a l  funct ions  were  taken f r o m  the t a -  
b l e s  in [5]). 

The m a x i m u m  d i v e r g e n c e  be tween  B2(r) and the 
exac t  va lue  of B(r) is  found at  the boundary  of the  l a y e r  
and amounts  to 1%. M o r e o v e r ,  a c c o r d i n g  to the second  
a p p r o x i m a t i o n ,  B~(0) ~ ~ (because  y~(0) ~ ~),  which 
c o i n c i d e s  with the exac t  t topf so lu t ion .  Thus,  the m e t h -  
od of s u c c e s s i v e  a p p r o x i m a t i o n s  with use  of the  in i t i a l  
va lue s  of fl = 3 /2  and ~/ = 2 e n s u r e s  r ap id  c o n v e r g e n c e  
fo r  the so lu t ion  of (14). 

The so lu t ion  of the sub jec t  p r o b l e m  by m e a n s  of 
Eqs.  (4) in f i r s t  (diffusion) a p p r o x i m a t i o n ,  as well  as  
in a c c o r d a n c e  with Eqs.  (6), has  the f o r m  of (15) [3]. 
Thus ,  a c c o r d i n g  to (13), the value  of c~2(0) b e c o m e s  in-  
f in i t e  a s  a r e s u l t  of B(0) # t30. The n u m e r i c a !  c a l c u l a -  
t ions ,  a c c o r d i n g  to (4), in second  a p p r o x i m a t i o n  t h e r e -  
f o r e  invo lves  d i f f i cu l t i e s  a s s o c i a t e d  with t h e i r  behav io r  
when r -- O. 
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The r e s u l t s  of the  so lu t ion  fo r  th is  ve ry  p r o b l e m ,  
a c c o r d i n g  to (2), a r e  not s a t i s f a c t o r y ,  s i nce  in any a p -  
p r o x i m a t i o n  the va lues  of m+ and m_ with T > 1 a r e  v i r -  
tuaI ly  equal  to 2. As is  wel l  known [1, 2], the S c h u s t e r -  
Sc hwarz sch i l d  a p p r o x i m a t i o n  obta ined in th is  c a se  
y i e l d s  r e s u l t s  that  a r e  a c c u r a t e  to 25~163 

In conc lus ion  we p r e s e n t  the exac t  e x p r e s s i o n  for  
the  r e s u l t i n g  r a d i a n t  f lux be tween  two p a r a l l e l  d i f f u s e -  
ly r e f l e c t i n g  p lanes .  This  can be found by so lv ing  only 
the  f i r s t  of the equat ions  in (6) in a c c o r d a n c e  with 
boundary  condi t ions  (9). As  a r e s u l t  we obta in  

~B~ (16) q----- a 

1 1 I ~  
0 

In f i r s t  app rox ima t ion ,  if we a s s u m e  the va lue  of riO-) 
to be equal  to i t s  l i m i t  va lue  of 3/2 ,  we obta in  [2] the  
f a m i l i a r  a p p r o x i m a t i o n  f o r m u l a  a c c o r d i n g  to which 
the result~,~ of the ca l cu l a t i on  a r e  in good a g r e e m e n t  
with the r e s u l t s  of the exac t  so lu t ion .  As  we can see  
f r o m  the exac t  e x p r e s s i o n  (16), as  A ~ ~o the a p p r o x i -  
m a t e  and exac t  f o r m u l a s  co inc ide  (/3 ~ 3/2) .  

NOTATION 

T is  the op t i ca l  d i s t a n c e  a long d i r e c t i o n  s; n is  the  
a b s o r p t i o n  coeff ic ient ;  dw is the so l id  angle  e l ement ;  

is  the  acu te  angle  be tween  d i r e c t i o n  $ and a r b i t r a r y  
d i r e c t i o n  fo r  h e m i s p h e r e s  (+2r) and ( -2v) ;  I+(T,~) and 
I_(7, ~) a r e  the r a d i a t i o n  i n t e n s i t i e s  in oppos i t e  d i r e e -  

t ions;  q+ and q-  a r e  the h e m i s p h e r i c a l  r a d i a n t f l u x e s  in 
oppos i t e  d i r e c t i o n s ;  q is  the net r a d i a n t  flux; p is  the 
to ta l  r a d i a n t  flux; V is the r a d i a t i o n  dens i ty ;  a ,  fl, 7, 
m+, and m_ a r e  addi t ional  functions;  T is the t e m p e r a t u r e ;  
c is  the l ight  ve loc i ty ;  a is  the S te fan -Bo l t zmann  con-  
s tant ;  B is  the  b l a c k - b o d y  r ad i a t i on  in t ens i ty  at  t h e r m o -  
dyna mic  equ i l i b r ium;  A is the op t ica l  t h i ckness ;  A b and 
B b a r e  the e m i s s i v i t y  and r ad ia t ion  in tens i ty  of a conven-  
t iona l  b l a c k  s u r f a c e  (at A b = 1); B(k)(T) is  the k - th  o r -  
d e r  d e r i v a t i v e  of B(T); E~(x) is  the in t eg roexponen t i a l  
funct ion  of ~- th  o r d e r ;  b, k, and ~ a r e  s u b s c r i p t s .  
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